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of  boundary-value  problems  for  degenerating  second-order 
equations  satisfies  Holder's  boundary  condition  under  broad 
assumptions.  An  example  is  given,  showing  that  a  greater 
smoothness  of  the  solutions  cannot  be  achieved  only  by  in¬ 
creasing  the  smoothness  of  the  data  given  in  the  problem. 
Conditions  for  the  existence  of  derivatives  of  the  general¬ 
ised  solution  are  clarified.  The  investigation  is  carried 
out  by  means  of  probability  methods. 
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SMOOTHNESS  OF  SOLUTIONS  OF  DEGENERATING  ELLIPTIC  EQUATIONS* 

by 

M.  F.  Freidlin 

Introduction 


The  present  study  is  concerned  with  boundary-value  problems  for  the 
degenerating  elliptic  equation 

dijij 

+  '2ibi(x)~  +  c(x)u(x)  =  0.  (1) 

It  is  assumed  that  the  coefficients  are  defined  over  all  spaces  R  ,  are  bounded 

n 

and  have  bounded  first-order  derivatives 


max  \ 

t^i.  j.  x?JR*  ^  1 


daij(x)  | 

|  db<(x)  | 

1  bc(x)  1 

dxk  \ 

1  dxh  1  ’ 

1  dxh  1 

the  form  2  is  considered  non-negative.  The  study  of  boundary-value 

problems  for  degenerating  equations  has  been  the  object  of  numerous  investigations. 
References  llj  and  [llj  can  be  mentioned,  where  equations  degenerating  on  the 
boundary  of  a  region  are  studied.  Special  cases  of  degeneration  inside  a  region 
are  examined  in  references  [12-15],  The  boundary-value  problem  for  an  equation 
with  degeneration  of  a  general  form  was  examined  for  the  first  time  by  Fichera 
(see  14, 5]) .  However,  a  single  class  of  functions,  in  which  the  problem  would  have 
a  unique  generalized  solution,  was  not  constructed  in  these  studies.  In  a  sub¬ 
sequent  study  [12],  a  uniqueness  class  was  constructed  and  conditions  were 

*  Translated  from  Akad .  Nauk  SSSR,  Izv.,  Ser.  mat.  [Acad.  Sci.  USSR,  Bull.,  Math. 

Ser.],  Vol .  32,  No.  6,  pp.  1391-1413  (1968). 
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established  for  equations  with  degeneration  of  a  rather  special  form,  under  which 
a  generalized  solution  will  be  smooth.  In  the  general  case,  the  existence  and 
uniqueness  of  a  generalized  solution  in  one  class  were  proven  in  [17]  and  [18]  (see 
also  L 9 J ) .  Note  that  in  Fichera^  study  [4]  and  others  associated  with  it  the 
assumption  is  made  that  c(x)  <  -  cq  <  0.  This  assumption  removes  certain  interest¬ 
ing  effects  on  the  boundary  (pasting  part  of  the  boundary)  at  one  point  [ll]  and 
makes  the  problem  of  uniqueness  more  simple.  If  this  assumption  is  rejected,  in 
order  to  ensure  the  uniqueness  of  the  generalized  solution  it  is  necessary,  in 
general,  to  prescribe  boundary  conditions  on  a  certain  "inner  boundary"  (see  [22]). 

This  "inner  boundary"  arises  naturally  when  stabilization  of  the  solution  of  the 
mixed  problem  is  studied  as  t  °°. 

In  l20J  we  find  conditions  which  guarantee  that  the  generalized  solution,  in 
the  case  of  degeneracy  of  a  general  form,  is  smooth  and  satisfies  the  Holder  con¬ 
dition.  Proof  of  the  statements  formulated  in  [20]  constitutes  precisely  the  basic 
content  of  the  present  study.  The  smoothness  of  generalized  solutions  was  also 
studied  in  references  [9]  and  [l0]. 

Generally  speaking,  the  generalized  solution  of  the  Dirichlet  problem  for 
equation  (1)  will  be  discontinuous.  It  was  found  that,  under  very  general  assump¬ 
tions  in  regard  to  the  coefficients  and  the  boundary  function,  the  Hoelder  character 
of  the  generalized  solution  can  be  guaranteed  (see  example  and  Theorem  1).  In  order  * 
that  the  solution  should  have  derivatives,  it  is  no  longer  sufficient  to  require 
only  that  the  data  of  the  problem  be  smooth^but  it  is  also  necessary  to  impose  in- 
equality-type  conditions  on  the  coefficients  and  on  their  first  derivatives.  In 
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order  to  obtain  a  priori  estimates  which  ensure  smoothness  of  the  generalized 
solution  we  shall  use  a  representation  of  the  solution  of  the  Dirichlet  problem 
as  the  mean  value  of  a  certain  functional  of  trajectories  of  a  random  Harkov  pro¬ 
cess  controlled  by  the  operator  L  (see  [2],  [8]).  We  believe  that  such  an  approach 
to  the  problem  is  a  geometrically  descriptive  and  natural  one.  In  particular,  the 
conditions  of  the  existence  of  a  priori  estimates  of  derivatives  of  the  generalized 
solution  acquire  a  sinple  geometrical  meaning.  In  the  present  study  we  shall  use 
the  same  notation  as  that  used  in  reference  [ 18 ] . 


1 .  Generalized  Solution  of  the  Dirichlet  Problem 

By  cr(x)  we  shall  denote  a  matrix  such  that  (a^fx)}  =  a(x)  »  a(x)  a*(x)  (the 
star  means  transposition).  Let  us  assume  that  the  matrix  a(x)  can  be  chosen  in 
such  a  way  that  all  its  elements  are  differentiable,  and  let 


<A\ 


According  to  the  condi tion^a(x)  is  a  symmetric  positive-definite  matrix,  and  there¬ 
fore  we  will  always  find  a  a(x)  satisfying  the  relation  a(x)  a*(x)  =  a(x) .  Our 
assumptions  refer  only  to  the  smoothness  of  the  functions  a_(x)  with  respect  to  x. 
This  problem  was  investigated  in  [25],  where  it  was  shown,  in  particular,  that  if 
a  (x)  t  C^(Rn)  then,  regardless  of  the  form  of  degeneracy,  the  matrix  a(x)  can 
always  be  chosen  in  such  a  way  that  its  elements  satisfy  the  Lipschitz  condition, 
where  the  Lipschitz  constant  is  estimated  in  terms  of  the  norm  a  (x)  in  C^(Rn) . 


If  the  rank  of  {a_(x)}  is  constant,  the  elements  of  o(x)  have  the  same 
smoothness  as  the  functions  a^.(x). 
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We  shall  examine  the  stochastic  differential  equation  (see  [6,8]) 

dx,(ct>)  =  o(x,)d£f(<»>)  +  b(xt)di f  (2) 

u'ere  §t(u0  i-s  an  n-dimensional  Wiener  process  (see  L2],  b(x)  *  (b^(x) , . . . , b^(x) )  . 
This  equation,  together  with  the  initial  condition  xq(uj)  -  x  G  Rn,  has  the  unique 
solution  x*(u»,  which  defines  the  Markov  process  X  =  [x^P^J  (see  [2j).  The  pro¬ 
cess  X  is  said  to  be  governed  by  operator  L.  The  properties  of  solutions  of 
boundary-value  problems  for  operator  L  are  closely  associated  with  the  behavior  of 
the  trajectories  of  process  X. 

Let  D  be  a  bounded  region  in  Rn  with  the  boundary  T.  The  point  €  T  will 
be  called  regular  if 

Jim  Px{xx  er)=l 

for  any  €  >  0,  where  is  the  moment  at  which  the  trajectory  of  process  X  first 
reaches  the  boundary  of  the  set  Ug (xq)  0  D.  Here,  as  well  as  in  what  follows,  we 
denote  by  Ug(xo)  the  e -neighborhood  of  the  point  xq.  We  can  prove  the  following 
lemma  (see  [ 1 1 ] ) • 

Lemma  1,  In  order  that  point  xq  €  Y  be  regular  for  the  process  X,  controlled 
by  operator  L,  it  is  sufficient  that  there  exist  a  function  v(x)  (barrier)  such  that 
v(x)  is  continuous  in  a  certain  neighborhood  U  of  the  point  x^  and  _t hat  V(XQ)  *  0* 
v(x)  >  0  and  Lv(x)  ^  0  for  x  €  U\xq. 

The  point  xq  will  be  called  (X  ,A h) -regular  if  there  exists  a  function  v(x) 
with  properties  specified  in  lemma  1  such  that 

e,|x-xo|*' i>(x)  ^c2|x_*0|^  {OTxeBU*{x<>). 

-  4  - 
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The  following  lemma  gives  sufficient  conditions  of  -regularity  in 

terms  of  the  coefficients. 

Lemma  2 .  Let  us  assume  that  at  least  one  of  the  following  conditions  is 
fulfilled: 

1)  the  coefficients  of  the  operators  and  the  direction  cosines  {n^(x) 3  of 

2 

the  normal  to  T  belong  to  class  C  in  the  neighborhood  of  the  point  xq  and 

S  ««(*»)*(*»)  X  nj(Xo)  >  0; 

2)  the  point  xq  can  be  touched  by  the  half-space  from  outside  the  region  D 
and  (b(xQ) ,n(xQ) )  >  0,  where  n(xQ)  is  the  outward  normal  to  the  support  hyperplane. 

Then,  the  point  xq  €  T  is.  ^ -regular  for  some  >  0* 

Proof.  Let  the  first  condition  be  fulfilled.  Let  us  introduce  the  co¬ 
ordinates  xj,...,x^  in  such  a  way  that  the  boundary  of  region  D  in  the  neighborhood 
of  xQ  be  described  by  equation  x^  *  0  and  that  region  D  lie  in  the  half-space  xj  <  0. 
In  this  coordinate  system  aJ^Cx^)  ^  0.  The  function  v(x)  can  be  chosen  in  the  form 

v(x)  =  —  axl  —  br\  +  r  S  (*<  )2. 

It  is  easy  to  verify  that  the  function  v(x)  is  the  barrier  being  sought  in  case  of 
a  proper  selection  of  coefficients  a,b,c  in  a  sufficiently  small  neighborhood  of 
the  point  xq. 

If  condition  2)  is  fulfilled,  we  perform  a  linear  transformation  of  variables 
in  which  the  half-space,  by  means  of  which  the  point  xq  can  be  touched  from  the 
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outside,  will  be  described  by  the  equation  x|  =  0.  Since  in  the  case  of  linear 
transformation  of  independent  variables  b(x)  ®  0>,  (x),...,b  (x)}  is  transformed  as 
a  vector,  we  have  bJ(xQ)  >  0*  In  this  case,  the  function  v(x)  can  be  chosen  in 

the  form  n 

v(x)=  —  ax\  +  b  y,  (x'i  )2. 

1=2 

Note  that  in  both  cases  =  1. 

Remark  1.  If  the  boundary  and  the  coefficients  in  the  neighborhood  of  point 
are  smooth,  the  requirement  that  point  xq  can  be  touched  by  a  half-space  from 
outside  the  region  D  can  be  replaced  by  the  assumption  that  point  belongs  to 

the  closure  of  the  set  open  on  F,  in  which 

n 

2  «.;(*)"<(*)«>(*)  =  0. 

»\j=l 

The  point  xq  €  F  is  called  normally  regular  if  M^t  £  |x  -  xq| ,  where  T  is  the 

instant  of  the  first  exit  from  region  D:T  =  inf  [t:xt  €  D} . 

Lemma  3.  If  the  conditions  of  lemma  2  are  fulfilled,  then  the  point  x^  is 
normally  regular. 

For  the  proof  we  can  make  use  of  the  barriers  introduced  in  lemma  2.  Indeed, 
if  we  denote  by  CL  the  characteristic  operator  of  process  X  (see  L2]),  we  have 
*Mxx  =  -1,  M*t|  xer  —  0,  (*)  =  Lv(x)  =  —  c  <0. 

A 

Then  ”  v(x)  -  M^t  -  0  on  the  boundary  of  region  ^(^Q)  f°r  sufficiently  large  A  and 

*(-iy(x)_A/lT)=-,4  +  l. 
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Consequently,  by  virtue  of  the  maximum  ,  rinciple 

Mx x<~-v(x)  CZtl*  —  *»)• 

MxT  <  C,X  "  X0I  ^°r  any  Point  x0  ^  V  C  F,  we  shall  call  the  set  V  uni¬ 
formly  normally  regular. 

The  set  \  lF  is  called  repelling  if 

Pxflim  P(*<>v)>0}=r  1 

t-»x 

for  any  x  €  D,  T  =  inf  {tix^  €  D} .  It  is  possible  to  give  sufficient  conditions 
in  order  that  the  set  V  c_  I  be  repelling  in  terms  of  the  coefficients  (see  [ll]). 

Let  us  recall  the  definition  of  the  generalized  solution  (see  Ll8]).  Let 
X  *  be  the  Markov  process  obtained  on  X  by  a  stop  on  the  boundary  F  of 

region  D,  and  let  T^  be  the  semi-group  of  operators  which  acts  in  the  space  B  of 
bounded  measurable  functions  on  D  U  F  according  to  the  formula 

r,/<x)  = 

By  I  we  shall  denote  a  part  of  the  boundary  F  of  region  D  such  that  F\T*  is  a 
repelling  set.  We  shall  assume  that  all  points  of  F  are  regular. 

As  a  generalized  solution  of  the  problem 

La(x)  =  0,  tt(*)|ir^  (3) 

we  shall  call  the  function  u(x) ,  which  assumes  boundary  values  at  points  of  T  where 
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if  (x)  is  continuous  and  which  satisfies  the  relation  (see  Note)  T^u(x)  =  u(x)  for 
all  t  £  0.  The  correctness  of  such  a  definition  is  proven  in  L 1 8 ] . 

It  can  be  verified  (see,  for  example,  L 1 8 ])  that  the  function  u(x)  =  M^(xt) 

(T  *  inf  {t:x^  €  Dj)  satisfies  the  relation  T^u  =  u  and  boundary  conditions  on  I  . 
Without  additional  assumptions,  this  solution,  generally  speaking,  is  not  unique. 

It  can  be  proven  (see  L 18]) that  for  uniqueness  it  is  necessary  and  sufficient 
that  [t  =  °°}  =  0.  Everywhere  in  what  follows,  we  assume  the  fulfillment  of  a 
somewhat  stronger  condition  of  a  uniformly  rapid  exit  of  the  trajectories  onto  the 
boundary : 

lim  Px{r  >  t)  =  0 
#-♦00 

uniformly  with  respect  to  x  €  D.  The  latter  equality  will  be  fulfilled,  for  example, 
if  at  least  one  coefficient  of  operator  L  is  different  from  zero  in  the  entire  region 
D  J  I  ( see  [ 18 j  )  . 

Lemma  4.  If  the  trajectories  of  process  X  leave  region  D  with  a  uniform  speed, 

then  ar»  Ct  >0  can  be  found  such  that 

L ,  D 

Px{t  >  t}  <  ce I'.d1 

for  any  x  €  D. 

Proof .  Since  the  trajectories  reach  the  boundaries  at  a  uniformly  rapid  speed, 
for  a  certain  t  we  have,  for  all  x  D,  pxjT  >  /0)  ^  p  <  j. 


Note:  This  relation  is  equivalent  to  the  equality  Au(x)  -  0,  where  A  is  an  infini¬ 

tesimal  operator  of  the  semi-group  T  . 


-  8  - 


We  denote 


“(n)  =  supP,  {T  >  nt0}. 


Using  the  Markov  property  of  process  X,  we  get 


(4) 


Px{t  >  nta)  =  Mr Xt>/«(w)  ^ 

^  >  to)  • a2(n  -  l))'7'  ^  Yp a(n  -  1>, 


where  x^gCw)  is  the  characteristic  function  of  the  set  jw:T(uu)  >  s} .  From  (4)  we 
conclude  that  a(n)  <  /$a  (n  -  1),  consequently  a(n)  <  enini^.  From  the  latter  in¬ 
equality  follows  the  statement  of  the  lemma  for 


c il,d  - ^-In  p  >  0. 

Corollary.  If  the  conditions  of  lemma  4  are  fulfilled,  the  random  variable  T 
has  all  moments  and 

oo 

Mxjh  <  c  5  x*e~*L  My  exp  {Xt}  <  oo  for  X  <  at,©' 


It  is  not  difficult  to  find  the  lower  bound  for  the  constant  a  in  terms  of 

L,  u 

the  coefficients  of  the  operator  and  the  dimensions  of  region  D.  For  example,  if 
the  diameter  of  region  D  is  equal  to  d,  b^(x)  >  b  >  0,  0  £  a^(x)  <  a  <  «,  then 


<P 


i  n 

p*  {i  >  n  <  {$  2  3u  (*.)  > bt  + rf}  < 


g<  >bf+d\<P 

J  a„  (*#)  d« 


Note  that  in  this  case  a  is  estimated  by  a  constant  which  dot&  not  depend  on  the 

L,  D  " 


diameter  of  the  region. 


If  a^(x)  >  a  >  0  everywhere  in  D  and  |b^(x)|  <  b  <  «>,  then,  during  the  time 
t  =  1,  the  trajectories  originating  from  any  point  x  €  D  leave  the  region  D  with  a 
probability  greater  than 
(see  proof  of  lemma  4)  that 


P  =  Pffca  >  b  +  d)  =  P{|,  >  Hence  it  follows 

\a 


(Il.d  —  ~Jn  p. 


If,  for  a  certain  i,  a^(x)  5  0  everywhere  in  region  D,  b^(x)  /  0  in  D  U  I’, 
and  region  D  lies  between  the  planes  x^  =  a,  *  a  +  h,  then  ^  =  ®.  This 
follows  from  the  fact  that,  in  this  case,  a  determinate  motion  takes  place  along 
the  axis  x^  with  a  nonvanishing  speed. 


In  concluding  this  section  we  shall  note  that  in  the  nondegenerate  case  the 

1  imi  t 

lim -—In Pxi(x>  t) 

exists,  does  not  depend  on  x  and  is  equal  to  the  first  eigenvalue  of  the  problem. 
In  the  degenerating  case, 

liin -pin  Px  *{t  I>  t) 

t-oo  t 

has  a  similar  meaning  but,  for  sufficiently  strong  degeneration,  this  limit  de¬ 
pends  on  the  initial  point  x.  The  assumption  that  trajectories  leave  the  region 
with  a  uniform  speed  ensures  the  inequality 

inf  lim  —  In  P* 1  {t  >  t)  >  0. 
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Example.  Idea  of  the  Proof 


In  this  section  we  shall  give  an  example  showing  that  the  estimates  of  the 
smoothness  of  the  generalized  solution,  which  will  be  presented  in  subsequent 
sections,  cannot  be  improved  substantially.  Using  this  example,  it  is  also 

possible  to  grasp  those  ideas  which  are  used  in  studying  smoothness  in  a  general 
case . 

Let  region  D  be  a  square:  D  =  [x,y:  |x|  <  1,  |y|  <  l}.  By  cp(x,y)  let  us 
denote  an  infinitely  differentiable  function,  which  is  even  with  respect  to  y  and 
equal  to  zero  outside  the  e -neighborhood  of  the  boundary  T  of  region  D.  Let  us 
examine  the  Dirichlet  problem 


«(*.  y)  k  s  y-  (5) 

Operator  £  does  not  degenerate  in  the  neighborhood  of  the  boundary,  and  the  co¬ 
efficient  a  >  0  in  D  [  ;  therefore,  problem  (5)  has  a  unique  generalized  solution. 
This  solution  is  continuous  in  the  closed  region  D  C  T  (see  [18]).  Since  operator 
£  does  not  change  when  y  is  replaced  by  -y,  and  the  boundary  function  is  multiplied 
by  -1,  we  have  u(x,y)  -  -u(x,-y)  and  u(x,0)  -  u(0,0)  -  0.  From  the  maximum  prin¬ 
ciple  and  the  regularity  of  boundary  points  it  follows  that  sign  u(x,y)  =  sign  y 
99  99 

and  u(x,y)  >  ^qq  (<  *  y^)  ^or  *  "  ^  5  e  (wlien  1  +  y  ^  e)  and  for  a  sufficiently 
small  c  >0. 

2 

By  z  -  (xt,yt)  *et  US  ^enote  the  trajectories  of  the  Markov  process  in  R 
controlled  by  operator  £  and  by  the  region  obtained  from  D  by  deleting  the 
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e -neighborhood  of  the  boundary.  The  trajectories  z^_  can  be  constructed  with  the 
aid  of  the  stochastic  equations 

xt  —  x  =  \  Va  +  (?*(£•,  yt)dll ,  yt  “  V  =  {I  + 

0  00 

1  -2 

where  Ss>Ss  are  independent  Wiener  processes  and  (x,y)  is  the  initial  point.  The 

solution  u(x,y)  of  problem  (5)  satisfies  the  relation  u(x,y)  *  M.  v  u(z  ),  where 

U,y;  '  g 

is  the  instant  of  the  first  exit  of  trajectories  from  the  region  .  Let 

y  >0.  Since  P  [y^  >  0}  =  1,  we  have 

O  x  V  T 

9J0  € 

99  \ 

B (0,  Vo)  —  Af,o,  -Tqo" P«. *•  =  1  “  e> •  ( 7 ) 


Let  us  estimate  the  expression  on  the  right-hand  side  of  inequality  (7).  The  motion 

dy 

along  axis  y  in  is  determinate.  Integrating  equation  ~  =  $y  with  the  initial 


condition  y(0)  =  yQ  we  find  that  the  time 


/  1  —  e 


is  required  in  order  to  reach  the  point  y  =  1  -  e. 


Note  that 


*W>{?tt  =  l-e}  ■=P(o.v,){  sup  |ar,|<  1  — e). 

I<«V  f> 


Since  x  in  D  is  a  one-dimensional  Markov  process  with  the  derivative  operator 

d2  s  6 
Qf  — ~  ,  the  function 

dx 

v(t,x)=  Px  {sup|*,|<  1  —  e} 

*<t 


is  the  solution  of  the  mixed  problem 

—  =  a— j-y- ,  v(t%x)  ||c|.t-«  =  o,  D(0,*)=1. 
at  azz 

Solving  this  problem  (for  example,  by  Fourier's  method)  we  obtain  that 


(  cuiH  1 
w(0,  t)  —  c,  exp(  - 
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and,  consequently. 


From  the  latter  inequality,  if  we  take  into  account  that  u(0,0)  *  0,  it  follows 
that  the  function  u(x,y)  may  not  have  derivatives  at  the  point  (0,0)  without  addi¬ 
tional  assumptions  concerning  the  magnitude  of  cv/p,  and  that  for  any  V  ^  0  it  is 
possible  to  find  an  o/p  so  small  that  the  function  u(x,y)  will  not  satisfy  Holder's 
condition  with  the  index  y. 


2 

We  have  introduced  the  term  cp  (x,y)A  into  the  operator  i  only  in  order  to 
exclude  the  possibility  of  disturbing  the  smoothness  at  the  expense  of  degeneration 
on  the  boundary.  It  we  set  ;f(x,y)  s  0,  all  estimates  for  |u(0,y)  -  u(0,0)|  will 
remain  in  this  case  and  it  is  only  necessary  to  substitute  e  =  0  into  them. 


We  now  obtain  the  upper  bound  for  |u(0,yo)  -  u(0,0)| .  Since,  for  cp(x,y)  =  0, 
motion  along  axis  y  is  determinate  in  the  entire  region  D,  we  have 

I U  (0,  y0)  -  “ (0, 0)  I  H “  (0,  t/o)  |  =  Mo. 1 I 

m 

^  1  u,(y*)Px(t)dt, 

•  (8) 

where  y  (y^)  is  the  solution  of  equation  dy/dt  *  3y  with  the  condition  y(0)  *  yQ, 
while  p^(t)  is  the  density  of  the  random  variable  T  =  inf{t:|x  |  *  l},  starting 
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from  the  point  x  «  0,  =  inf{t:zt  €  D}.  This  density  exists  since  xt  differs 

from  the  Wiener  process  only  by  a  factor.  From  the  formulas  given  earlier  it 
follows  that 

y<(yo)  =  tt>ex p  {pi},  p,(/)=  — 0,0=  cae^"\ 

Substituting  these  formulas  into  (8)  ve  get 

«e 

I “(0,  Ho)  —U{ 0, 0)  I  ^  c3y0  j[  dt. 

0 

2 

If  8  -  a  rr  <0,  the  integral  on  the  right-hand  side  of  the  last  inequality  con¬ 
verges  and  the  function  u(x,y)  at  the  point  (0,0)  satisfies  the  Lipschitz  condition 

2 

with  respect  to  y.  If  3  -  Q?  TT  >  0,  then  u(x,y)  does  not  satisfy  at  zero  Holder*s 

an2 

condition  with  any  index  x  <  min  (1,~ — ).  Indeed,  since  |y  (  <  1,  we  will  get, 

P  td 

for  k  <  1 

I « (0.  *)  —  «•  (Q.  0)  |  -  „>  |  VXd  |  <Af(0.  w  |  yx  j 

w  oo 

M,0.  =  5  h!  (Ho)Pr(t)dt  =  csp0M  $ e**-*>*dt  <  etc# 

0  • 


where 


^  gl<H»-<xn’)dt  <  oo  for  X  < 


OJX' 

p 


Thus , 

on* 

ay o  2  <|tt(0,tfo)-tt(0,0)|<es»; 

for  any  ,  /  .  art2  \ 

x  <  rmn^  1,  —  y 

Let  us  note  those  qualitative  considerations  which  were  used  in  the  above 
example  and  which  can  be  carried  over  to  the  general  case.  We  consider  that 
-(x,y)  *  0. 
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1.  Let  us  consider  the  two  trajectories  z^x^y^)  and  z^(x^ty^)y  originating 

respectively  from  the  points  (x^,yp  and  ^2^2) »  for  the  same  Wiener  trajectories 

-1-2  12 

The  trajectories  z^  are  constructed  with  respect  to  with  the  aid 

of  equations  (6).  Then,  after  the  time  t  the  difference 

*t  (*u  yu  w)  —  xt  (x2,  y2,  <o)  «  Xi  —  x2 

does  not  increase,  while 

IlM-Tt,  yu  U))  —  y,(x2,  y2,o>)  I  =  |y,—  y2\e^ 

and,  consequently, 

\zi(xu  yu  w)  —  Zi(x2,  y2, <o)  |2  =  |xt  —  x2|*  +  |y»  —  y2\2tm 
grows  at  an  exponential  rapid  rate  with  the  index  23.  In  the  general  case,  the 
trajectories  of  the  diffusion  process  with  coefficients  satisfying  the  Lipshitz 
condition,  constructed  by  one  and  the  same  Wiener  process  and  originating  from  the 
points  a,  b  €  Rn,  resp.,  disperse  at  not  greater  than  an  exponential  rate 

M\x*  (co)  —  x?  (w  )  I1  <  \a  —  6|2ecirf, 

where  the  constant  K  is  determined  from  the  Lipschitz  constant  of  the  coefficients 
(see  lemma  5).  In  our  case  c  =  2,  K  s 

2.  If  by  T  we  denote  the  time  needed  by  process  Z  to  reach  the  boundary  of 
region  D,  then 

P.Jt  >  t)  =  fx(t)  <  cKe-"'< 

decreases  at  an  exponential  rate.  In  the  general  case,  if  the  assumption  that  the 
trajectories  reach  the  boundary  at  a  uniform  speed  is  fulfilled,  this  probability 
also  decreases  exponentially  (see  lemma  4). 

3.  We  shall  explain  our  further  course  of  reasoning  by  means  of  an  example 
describing  how  an  estimate  for  the  first  derivative  is  obtained.  In  order  not  to 
be  concerned  with  boundary  estimates,  we  shall  assume  that  the  process  does  not 
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degenerate  in  the  neighborhood  of  the  boundary.  Let 

t  =  min(T*,  Tv)f  tx(g>)=  inf{f:x? (w)eD)t 
*„(»)  =  inf 

Then,  using  the  probability  representation  of  the  solution  of  Dirichlet*s  problem, 
we  will  get 

where  c  is  a  constant  depending  on  the  Lipschitz  constant  for  the  function  u(x)  in 

the  neighborhood  of  the  boundary  and  on  the  width  of  the  non-degeneracy  region. 

In  order  to  obtain  the  estimate  of  the  first  derivative  of  interest  to  us,  it  is 

sufficient  to  show  that  m|x*  -  x^| ^  <  A  |x  -  y|^.  If  the  non-random  variable  t 

were  present  instead  of  the  random  variable  T,  such  an  estimate  would  be  guaranteed 

by  item  1  above.  In  order  to  obtain  an  estimate  for  a  random  t,  we  must  use  the 

properties  given  in  items  1  and  2.  If  the  exponent  derived  in  item  2  "exceeds*1  the 

2 

exponent  of  point  1  (in  our  example,  at  t r  >  g)  the  estimate  being  sought  exists. 
Otherwise,  there  may  be  no  estimate.  In  the  following  sections  we  will  obtain 
a  priori  estimates  according  to  the  plan  outlined  here. 

In  concluding  this  section  we  shall  note  that  if  the  coefficients  of  the 
equation  with  degenerations  satisfy  only  Holder*s  condition,  the  generalized 
solution  does  not  have  to  be  continuous,  even  if  the  operator  does  not  degenerate 
near  th«»  boundary  and  the  statement  of  lemma  4  is  fulfilled.  An  example  confirming 

this  remark  can  be  obtained  if  we  examine  the  equation 

0*u  du 

a  —  +  <p2(x,  y)Au  +  o 

in  the  square  D.  In  this  case,  the  trajectories  scatter  faster  than  exponentially, 
and  an  exponentially  rapid  exit  from  the  region  cannot  "balance"  this  scattering. 


16 
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In  the  last  inequality  we  made  use  of  the  fact  that 

if  h>y. 

By  a  we  shall  denote  the  characteristic  operator  of  process  X.  It  is  veri¬ 
fied  that  the  function 

satisfies  the  equation^  =  0  in  D  and  the  boundary  condition 

v»(*)l*er  =  |*  —  6|x'. 

Since  all  points  of  the  set?'  are  (/^.^(^-regular,  a  neighborhood  U^(b)  will  be 

found  in  which  the  barrier  v(x)  is  defined  and  Clv(x)  *  Lv  <  0  in  this  neighborhood. 

We  shall  choose  c^  so  great  that  v(x)  >  v^(x)  on  the  boundary  of  the  set 

D  H  U,(b)  ,  This  can  be  done  since  the  above-mentioned  inequality  is  fulfilled  on 
n 

7  r  (J,(b).  On  the  set  D  fl  U.(b)  a  (c.v  ~  v.)  <  0;  therefore,  by  virtue  of  the 
h  hli 

maximum  principle,  everywhere  in  D  Pi  U^(b) 

Vi(x)  =  Mx\x%  —  6|X|  <  C,v(x)  <  Ci\x  —  6|K  (n) 

Obviously,  if  c  is  chosen  sufficiently  great, we  can  consider  that  (11)  is  fulfilled 
everywhere  in  D. 

We  set 

From  (10)  and  (11)  it  follows  that 

-*(6)1  sSe|a-*|*. 

From  the  latter  inequality  and  (9)  we  conclude  that 

|  u  (at)  —  u  (y)  |  <  Cj.U  1 1- 
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Let  us  now  estimate  the  right-hand  side  of  inequality  (12).  Since  according 
to  the  condition  of  the  theorem  the  trajectories  leave  the  region  at  a  uniform 
speed,  then,  according  to  lemma  4,  it  will  be  possible  to  find  an  ot  *  q  >  0 

LyU 

such  that 

P  {t  >  t)  ^  max  Px  {t  >  ^  cze~9t, 

*6  D 


Let  0  <  k  £  1  and  let  x  (^)  be  the  characteristic  function  of  the  set 

n  - 

x  -  y  — 

{uu:n  ^  T(tu)  <  n  +  l).  Since  | - - - 1  <  1,  we  have 


M 


Xr-V-, 


Kd'M 


<e,  2  ^1*;—  ^l*xXnH<C4SA/(  SUP  I2.  —  {Mx*Xn (<*>)}< 

fltr*0  »  n^Kn+l 

CO 

< e, S  (M (  sup  \x,  —  y, |)»*  •  P {t > n  4- 

n 


<c»  e"  2  •(  >/  sup  |  Xt—  y, |*)  *  < 
n^<v  Kn+t 

'J  ttn  rt,n.K>. 

<«»|*— *r  2  P*  («)'■'  a  < 

n  -n 


(13) 


In  the  latter  inequality  we  used  the  corollary  from  lemma  5.  Now,  let  h  be 
chosen  in  such  a  way  that  a  \k  <  Of.  Then,  the  series  in  (13)  converges  and  we 
obtain  finally 

|u(x)  -B(y)|  <  c«|x-p|*\ 


Lemma  5 .  Let 


A’  =  max  j 

(\ 

dbt(x)  || 

t,  j,  *;  x<ZRn  ' 

ll  dih  I  ’ 

dxh  1  f 

«^nd  let  xt  and  y  be  the  solutions  of  equation  (2)  with  the  initial  conditions 

x  -  x,  y  =  y .  Then 
o  o  - 

^1**  —  |x  — 

ctm  =  2m(m  -  l)AV  -f  mnW  +  2mnK. 
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tmi.  utuS.Ppi„  th. 

t_~  r->1.  <— t  > 


Of  K.  Ito  [7] 


r>=’n(ar,,  f?()  = 


-  <■“<*.«  +  J  2mp-.(i„  w  ( 2  (l; _  f: ,  (6l(w _  l|(ifi))  )is 
0  <*%1  ' 

+  $  Srnp2  ^  2  (**“£•)  2  —  tJ<i(yi)]dli)  -f- 

'=<  J=i  > 

1  r 

+  ~  \  4m  <m  -  1)  p*"-*(*.,  £.)<(„  (ij)  _  0  m )  (i<  _  f 

(ct (x,)  -  cr (y.) )  (*,  -  y.) ) ds  -f 
1  r  n 

~2  J2mp'’n_:! (*»>?•)  2  (crik(x.)  —  (Tu(i/,))2ds. 

0  i,  fe=ti 

(14) 

Fto,  (14),  osiog  th.  properties  of  otoch.otic  iotegr.ls  a„d  the  bouod.do.s,  of  the 
derivatives  of  the  coefficients,  we  obtain  th~  inequality 

t 

Afp2m(i,,  y,)  <  ?*"(*,  jl)+  am  J  Mp*"(x„  y,)ds. 

0 

The  statement  of  the  lemma  follows  from  the  latter  inequality  (see,  for  example. 


~°Jlary-  T  >  0  the  following  inequality  is  valid; 

^»»p|*.-y,|*<c[|«+lr|.+ifMp  |  Sto(x.)-o^)]d|j2+ 

t<T  '  „  I 

D 

T.  2  r 

+  il/\  $  !*(*.)“ My.)l<k)*^c[|*-y|*+  5«|o(x.)-o(y,)J*d*  + 


+  T  J  M[xt—  y,[2ds  < 

0 

In  estimating  the  stochastic  integral  we  made  use  of  the  fact  that 

I  $Mx,)-o(y,)K.t  | 
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is  a  semi-mart  ingale  and,  consequently,  according  to  theorem  3.4  of  Chapt.  7  [3] 


Note  that  f3(t) 


increases  with  respect  to  t  not 


1  M\a(x,)—  a{y,)  |2ds. 


o 

faster  than  Linearly. 


A  Priori  Estimates  of  Derivatives  of  the  Generalized  Solution 


set  i 

Then , 


Theorem  2.  Let  us  assume  that  a.  . 
-  -  lj 

are  uniformly  normally  regular  and 
the  generalized  solution  satisfies 


(x)  ,  tr(x)  6  C^(Rn),  that  all  points  of  the 

that  t|f  (x)  *  v(x)  |^,  where  v(x)  €  C^(Rn) . 

the  Lipschitz  condition  if  only  or.  >  a,  . 

- k - l.  L,D  i 


Proof.  We  shall  use  the  same  notation  as  that  used  in  the  proof  of  theo¬ 
rem  1.  From  (9)  it  follows  that,  in  order  to  prove  theorem  2,  it  is  sufficient  to 
estimate  the  terms  occurring  cn  the  right-hand  side  of  inequality  (9).  In  order  to 
do  this,  we  shall  apply  to  the  function  v(x)  the  formula  of  K.  Ito 

v{*t)  =«'(*)+  5  (grad  (*,)<*!,)+  $  Lv(x,) ds. 

0  o 

From  the  latter  equality  it  follows  (see  Note)  that 

T 

|Af,u(it)-  t>(z)|  =  jitf  5  Lv(x,)ds\  <  ||Li>(*)||  M,x.  05) 

0 

For  the  right-hand  side  of  inequality  (9)  we  obtain  the  estimate 

M  |  ij>  (X,x)  —  M-r  ♦(*t)|x«(w)<A/X«  (w)  |  v  (XTx)  —  M-^v  (*,)  |  < 

<  Afx,  (®)  |  v  (x,x)  — 1>  (yr)  |  +  Mxz  (w)  |  v  (y^)  —  M,xv  (*,)  |  < 

< | grad  v  (x)J Af |  *,x  —  y,x |  XI(w)  +  \l  v\M  (A f^x) X, (w)  < c (| grad  v (*) |  + 

+  \Lv\)  M  |  x,x — yT>  |  X,  (a>). 

(16) 

So  t  e :  By  |f(x),  we  denote  max  |f(x)j. 

x€Rn 
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In  the  derivation  of  this  inequality  we  used  the  strict  Markov  property  of  process  X 
and  the  uniform  normal  regularity  of  the  points  of  set  T.  A  similar  inequality  also 
holds  for  the  second  term  on  the  right-hand  side  of  (9). 


From  (9)  and  (16)  follows  the  inequality 

l**(*)  u(y) I  <  £/t|. 

Further,  after  using  the  corollary  of  lemma  5  we  get 


— sup  |*»  — y»lxn(<o)^ 

n=0  »<•<»+' 

oo 

^  2  SUP  |*«  —  P»|2-^Xn(w))V,< 

„=-0  *<n+l 

»  J®  ||  __  J*  a 

0  '  *”")  |*  —  //|<  c|jt  —  y|. 


(17) 


(18) 


In  the  latter  inequality 


since  O'  >  a.  according  to  the 
Li  y  u  L 

follows  the  statement  of  theorem 


2jP*e  ^  < 
condition  of  the 
2. 


oo, 

theorem. 


From  (17)  and  (18) 


Let  us  now  consider  the  estimates  of  the  higher  derivatives  of  the  general¬ 
ized  solution.  We  shall  define  the  m-th  difference  for  the  function  f(x)  by  means 
of  the  equations 

*?/(*)  =  /(*  +  *)-/(*), 

h . ,hm  hi . h . *hm_t  ,  . 

6m  f(x)=6m~  t  f(x  +  hm)  —  6m- 1  f(x). 


If  the  function  f(x)  is  sufficiently  smooth,  by  selecting  the  increments  h^,..., 


hm  €  R  ,  I h± I  =  h  it  is  possible  to  obtain  that 

..  i  ; . ,,  % 

lim- — Cm  /  (jt)  =  -- — - - — ~ 

hm  dxth  . . .  dxnln 
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tor  nnv  i  summing  to  m.  By  H  =  H(x,h.,.,.,h  )  we  shall  denote  the  set  of 

'  1  n  1  m 

points  x  +  h.  +  •  .  .  +  h .  for  i^ , . . . , i^  ^  m,  0  ^  r  £  m;  by  -  the  convex  hull  of 
l  r 

i  !v‘  values  of  function  f(y)  for  y  f  H. 


We  shall  use  the  following  simple  inequality: 


!«■*(/(*))  I  <  l(gradu(x),am/(*))|+||Dm«||W/. 

1(<Z  n 


II- II  .4  =  max 


dku  (x) 


I  0X|m» . . .  $Xnmn 
x^A  n 


Let  us  define  the  sequence  of  the  numbers  by  means  of  the  following 

re i a  t ions : 

uj,  m  =  <tm  =  (2m (m  —  l)na  +  mn*)K'  +  2m»K 
“*• 1  8558  2Kn  +  2&nJ  +  1  +  aAHl  h  for  *  >  1, 

a*,  m  =  2m(nK  +  1)  -f  m(2n*A*  -f  1>  -j-  2m (m  —  l)n’A'2  +  1  -f  hm 

for  k  >  1. 

It  easv  to  check  that  &.  grows  me  ioton leal ly  with  respect  to  each  index. 

k,m 

Lemma  6.  For  all  integral  k  and  m  the  following  inequality*  is  valid: 

,h 

M(6*  /i=|Ai|. 

The  proof  of  this  lemma  is  carried  out  by  induction.  For  k  =  1,  lemma  6 
reduces  to  lemma  5.  We  will  show  that  the  statement  of  the  lemma  is  preserved  when 
k  is  increased  by  unity.  Since  is  a  linear  operator,  we  have 


6**,’  =  j  bka(x?)dl,  +  j  6*6  (x,1  )ds. 


The  operator  '  i applied  to  x  (w)  as  in  the  function  of  the  initial  point 
k  t 

X  -  x  * v  ( X  )  . 
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T 


Let  us  apply  the  formula  of  K.  Ito  to  the  function  ^(t)=  2(M?)*: 

1 

*  (/)-  4(0)+  2  5  2  (6.x'  2  6»0|i(x.*)d6J  )  + 

u  »«l  ;=i  / 

f  /i  t  n 

+  2  |  2  6>,i,,6»6.(j:J)d«  -f-  j  2  (M<j(j£))*df. 

From  (19)  and  (20)  we  get 

«*(0  =  A/M*(0<m*(0)  +  2J  2  16^1  [  |  (grad  6<(*,) ,  G*t,*)  |  -f. 

"  0  Lrf-1 

~hl IDhUH  2  |6i,**|m‘ . . .  |6| 

I  J 


^  w*(0)  +  (2/fn  +  i)  J  m*(s)ds  -I-  2n3X*  j  mk(s)ds  + 
0  0 

+  C  I  2  ^|6/,X»*  |*m' ...  (6,  tf  |2mr(J8 

7i  ¥/  «*■  _ r  ' 


^  t/  rrj  .«■* 
l  i 


We  shall  now  make  use  of  the  fact  that 


'V|6(lx,  . . .  (6,  z*,  |*»,  ^  1/  ^  ^  2  (*fcV) 


From  (21)  we  get 


«.W<«.(0)+(2*-.  +  2*v+„5^W((i  +  c  j  j 

0  0  ten 

According  to  the  assumption  of  induction  for  l  <  k 


'’/I6'*'  I*  <  C,.hc*,.l.>.}lM 
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since  a  n  increases  with  increasing  &.  From  (22)  follows  the  inequality 

i 

mk(t)  mk(0)  +  (2Kn  +  2KW  +  1)  $  mh(s)ds  + 

0 

From  the  last  inequality  we  conclude  that 

mh(t)  ^Ckt 

In  order  to  check  the  validity  of  the  lemma  when  the  second  index  increases 

it  is  necessary  to  apply  Ito's  formula  to  the  function  ■  This  cal 

i  ' 

culation  is  completely  analogous  to  lemma  5  and  we  omit  it. 
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From  the  last  inequality  we  conclude  that 

L  o  J  o 

Lemma  8 .  For  any  positive  integral  k  and  m  the  following  inequality  holds *. 
■'/su|)  |6i,  Xx,  I2’"  <  C*., „(f  )/«»"•. 

where  C.  (t)  Increases  with  increasing  t  not  faster  than  t^m  ,  |h, |  =  h. 

~ k,m 

This  lemma  is  proven  in  the  same  way  as  the  corollary  of  lemma  5.  It  is  only 
necessary  to  make  use  of  the  fact  that  ^  j[  /  (•?,  o> )  dfc*  j  LS  a  semi-martingale  and 
to  use  lemma  7  to  estimate  the  2m-th  power  of  the  stochastic  integral.  Let 

tv((d)  =  inf  {t  :x* je  D],  i  =  min 

y€lH(x,hi....,hk  ) 

It  is  obvious  that 

P{ T  >  t)  <  Px{\  >  t)  ^  ce~«UD'. 

Lenina  9.  If  or,  <  a,  n  u  |  h .  |  =  h ,  then 
-  —  k,m  L,  D  1  i1 

m\£ . 

Proof.  Let  x  (<*>)  be  the  characteristic  function  of  the  set  [o>:n  £■  T  n  +  l}. 
Then,  using  the  preceding  lemma  we  obtain 

A/|&*i*|m<  S  M  sup  |  f  Xn  («)  <  2<  W  sup  1 |,m •  Mx.  («))•'’< 

T  n—o  «<«<n+l  0  ,<n+l 

<  S  Ctm*  ■  ^  °V  m-^T  °L'  D*‘m  < 

n— 0 

The  series  in  the  last  inequality  converges  because  ^  increases  exponentially 

with  respect  to  n  and  a.  _  ->  (*  according  to  the  condition  of  the  lemma. 
v  L,D  k,m 
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Lemma  10.  Assume  that  Qt ^  ^  <  D*  ^ien» 

\\Dku\\D  <  C||D*u||jr. 


Proof .  Let  us  choose  h^ , . . . ( h^ |  =  h,  m  ^  k,  in  such  a  way  that 


1 


dx 4t . . .  dxtm 

i  n 


T==  min  tv(w). 


The  quantity  T  does  not  depend  on  the  future,  and  therefore  u(x)  *  Mu(x-)  .  Con¬ 
sequently,  for  6^u(x)  we  get  the  inequality 

1  *m«  (*)  r  <  (M  |  t>mu  (Xi)  I)*  <  [I  Dmu  g,tAT)Jlf  (I  flmxf  I*  + 

+  2  I  «/,*£  r •  • . .  I  V*  I”"'')  (1  ~  et)  +  8, 1  Dmu  r0, V  (14^  I*  4 

E  ' 

+  2  ^22) 

l^<nt 

Here  we  have  used  the  fact  that,  for  sufficiently  small  h,  the  points  x^(y  €  H(x, 
ht,...,h  ))  lie  in  the  €, -neighborhood  of  T*  with  a  probability  greater  than  1  -  e~. 
With  the  aid  of  lemma  9  we  can  derive  the  inequalities 

T  x  iTL  ^ 


Here  we  make  use  of  the  fact  that  the  sequence  ot  ^  ^  is  monotonic  with  respect  to 

each  index  and  also  of  the  condition  Qt.  _  >  O'  01  . 

L,D  2k, 2k 


From  (22)  and  (23)  it  follows  that 


Now  let  h  tend  to  zero.  Together  with  h,  and  also  tend  to  zero, 
the  last  inequality  we  obtain  the  statement  of  the  lemma. 


Theorem  3.  Let  o_(x),  ^(x)  <z  C^(Rn),  if  (x)  €  C(r) ,  let  the  operator  L  not 
degenerate  in  the  neighborhood  of  the  set  T,  and  let  ^  >  a ^  2^-  the  gen¬ 

eralized  solution  of  problem  (3)  has  k  -  1  continuous  derivatives  and  the  (k  -  1) -th 
derivatives  satisfy  the  Lipschitz  condition. 


Proof .  First,  let  us  assume  that  I  is  a  smooth  manifold  of  class  C  and 

k  '~w  e  , 

v (x)  €  C  (F)  .  We  shall  examine  the  operator  L  >  whose  coefficients  are  determined 

by  the  equalities 

{a>j(x)}  —  (0(2)  +*  bE'<p(x))  •  (<r*(x)  +  etpfx)#),  b J  (x)  =  bi(x). 

We  shall  choose  the  infinitely  differentiable  function  cp(x)  in  such  a  way  that  it 
vanishes  in  the  neighborhood  of  the  boundary  and  is  positive  outside  the  6-neighbor- 
hood  of  the  boundary.  As  follows  from  ^18],  there  exists  a  unique  generalized 


solution  of  the  problem 


Leu'(x)  =  0  f°r  x  e  D;  u€(x)  |^= 


This  generalized  solution  is  continuous.  The  operator  L  does  not  degene  ate  outside 

the  C -ne  ighborhood  of  the  boundary,  and  therefore  u'(x)  G  C<**(Z)  \  C/d(F)).  Let 

°fc.  o  —  aw>  2*  = 

Then,  for  a  sufficiently  small  e 

|ot«D—  ai„/i|  <  — 


and  the  coefficient  2^  for  °Perator  L  differs  from  2k  by  noC  more  thrln 

Therefore,  ^  -  Or^,  „  >  0  and,  consequently,  the  first  k-der iva t ives  of  function 

L,D  2k, 2k 

u€(x)  are  estimated  according  to  lemma  10  in  terms  of  derivatives  on  the  boundary  i  . 


In  the  neighborhood  of  F,  the  operator  L€  does  not  depend  on  e,  Itt#(x) I <max|^(x) |. 
so  that  is  estimated  uniformly  with  respect  to  6,  and,  therefore,  according 

to  lemma  10,  the  derivatives  are  estimated  uniformly  with  respect  to  e  also  inside 
region  D\U^(r).  It  is  proven  (see  [2l])that 

limu'(*)  =  “(*) 

uniformly  with  respect  to  x  €  D.  *** 

From  the  last  statement  and  the  a  priori  estimates  uniform  with  respect  to  £ 

^  7  k  , 

the  statement  of  the  theorem  can  be  derived  in  a  standard  manner.  If  i  ^  C  ,  then 
it  is  necessary  to  replace  7  by  the  surface  F  £  lying  in  the  region  where  opera¬ 
tor  L  is  non-degenerate.  The  function  u(x)  on  F  will  be  sufficiently  smooth.  This 
follows  from  the  usual  intrinisic  estimates  for  uniformly  elliptic  equations. 

k.  n 

Theorem  4.  Assume  that  a_(x),  b^(x)  €  C  (K  )  ,  that  the  boundary  F  of  region 
D  has  the  direction  cosines  {n^Cx)]  of  class  C^,  that  ^ (x)  €  C^(F)  and  that 
0  >  a2k  ?k*  Moreover .  let  the  diffusion  along  the  normal  to  the  boundary 
(Za_ (x) n^(x)nj (x) )  be  different  from  zero  on  the  closure  of  F,  let  it  be  equal  to 
zero  on  F\F ,  and  let  the  vector  b(x)  on  F  be  directed  towards  the  exterior  of 

k- 1 

region  D.  Then.  u(x)  €  C  (D)  and  the  (k  -  1) -th  derivatives  satisfy  the  Lipschitz 
condition. 

Proof.  If  F  -T\  then  the  statement  of  the  theorem  follows  from  lemma  10  and 
lemma  1.4  of  reference  [12].  If  T\T  is  not  empty,  we  extend  the  operator  L  across 
I  F  into  region  D  !,  D  in  such  a  way  that  everywhere  on  the  boundary  I  w  i  of  the 
re.;ion  D  D  the  extended  operator  L  has  a  non-zero  diffusion  along  the  normal  and 
the  maximum  of  the  modulus  of  the  derivatives  of  the  coefficients  does  not  increase. 
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We  extend  the  function  (x)  onto  T  in  an  arbitrary  smooth  manner.  This  is  possible 
since  p(T,r)  >  0.  For  the  operator  L  diffusion  along  the  normal  does  not  degenerate, 


~aL.D  K 


D  —  Cl 2k,  2* 

2 


for  a  sufficiently  small  extension,  the  constants  ot  for  operator  L  will  remain 

the  same  and,  therefore,  as  was  noted  at  the  beginning  of  the  proof,  the  assertion 
of  the  theorem  is  fulfilled  for  the  solution  u(x)  of  the  problem  in  D  j  D.  There¬ 
fore,  the  theorem  is  also  fulfilled  for  the  solution  of  problem  (3)  since  the 
solutions  of  the  extended  problem  and  of  problem  (3)  coincide  in  the  region  D.  The 
latter  assertion  follows  from  the  fact  that  the  trajectories  of  the  process  governed 
by  the  extended  operator  L  with  the  probability  1,  originating  from  points  x  ^  D, 
leave  D  across  V  since  F\r  is  a  repelling  boundary. 


5 .  Some  Remarks 


1.  The  parabolic  equation 

W=^i&+2**«w£+***w*'- 

Ln  +  c(l,  x)u 

can  be  considered  as  a  degenerating  elliptic  equation.  The  processes  governed  by 

the  operator  7  =  -  +  L  are  remarkable  in  that  along  one  of  the  coordinates 

o  t 

(along  t)  a  determinate  motion  with  a  unit  velocity  takes  place  in  the  direction  of 
the  plane  t  =  0  (if  the  original  point  is  in  the  region  t  >  0) .  Hence,  it  follows 

that  the  generalized  solution  of  the  problem  Tu  =  0  in  the  region  lying  above  the 

plane  t  *  tQ  is  unique  for  some  t  .  In  particular,  the  generalized  solution  of 
the  Cauchy  problem  and  of  the  first  boundary  value  problem  in  a  cylinder  is  always 
unique.  If  the  region  in  which  the  equation  Xu  =  0  is  considered  lies  above  the 


pLane  t  =  t 


then,  starting  from  any  point  lying  below  the  plane  t  ■  T,  the 


trajectories  will  reach  the  boundary  not  later  than  in  a  time  T  -  tQ.  Since  the 
trajectories  reach  the  boundary  in  finite  time,  the  parameter  a,g  D  can  con¬ 
sidered  equal  to  infinity  for  the  region  lying  above  the  plane  t  =  tQ.  Thus,  in 
the  case  of  a  boundary  value  problem  for  operator  X  in  the  region  lying  above  the 
plane  t  -  tQ,  the  smoothness  of  the  generalized  solution  depends  only  on  boundary 
estimates  if  only  the  coefficients  of  the  equation  are  sufficiently  smooth.  In 
particular,  in  the  case  of  the  Cauchy  problem  for  an  equation  with  smooth  coef¬ 
ficients,  the  same  smoothness  as  in  the  initial  function  is  transferred  inside 
the  region. 

2.  In  [19]  the  problem  with  a  directional  derivative  was  studied  for  the 
equation  Lu  =  f (x) .  The  following  theorem  is  derived  from  the  results  obtained 
in  this  article  and  reference  [l9]. 


boundary  at  a  uniformly  rapid  rate.  Then,  there  exists  in  D  the  unique  probability 

— •'ie 

measure  ^ ( * ) ,  namely  a  solution  of  the  conjugate  problem  L  p.  =  0 ,  such  that  problem 


(24)  has  a  continuous  generalized  solution  for  any  continuous  f(x)  for  which 


j*/(z)  f4 (dx)  =  0.  This  generalized  solution  is  unique  with  an  accuracy  up  to  the 
n 

constant  term.  If  o.  ,(x),  b.(x),  f(x)  €  Cm(Rn)  and  a,  _  >  a  ,  the  solution  has 
ij  1  L,D  m,  m  - ■ 
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partial  derivatives  up  to  order  m  -  1  inclusively  and  the  m-th  derivatives  satisfy 
the  Lipschitz  condition. 


The  definition  of  the  generalized  solution  of  problem  (24)  can  be  found  in 

JL 

_19j,  where  an  explanation  of  what  L  is,  is  also  given.  If  we  discard  the  assump¬ 
tion  of  non-degeneracy  near  the  boundary  and  we  assume  only  that  diffusion  along 
the  normal  is  different  from  zero,  then  the  solution  of  problem  (24)  will,  generally 
speaking,  not  be  unique.  If  we  consider  the  problem  for  the  operator  Lu  -  c(x)u  *  0, 
c(x)  >  c  >  0,  we  can  limit  ourselves  to  the  assumption  of  non-degeneracy  along  the 
normal.  In  this  case,  a  generalized  solution  exists  for  any  right-hand  side  <f  C. 
This  solution  is  unique  without  any  assumptions  on  a  uniformly  rapid  exit  from  the 
region.  By  making  use  of  the  results  given  in  l19J  it  is  also  possible  to  study 
the  smoothness  of  the  generalized  solution  of  the  second  mixed  problem  for  a  para¬ 
bolic  equation  with  degeneration. 


3.  Let  us  consider  the  equation  Lu(x)  -  c(x)u(x)  =  0  in  the  region  D  with 

the  boundary  conditions  u  =  \|r  (x)  ,  where  r\I  is  a  repelling  set  for  operator  L  and 

the  points  of  I’  are  assumed  to  be  uniformly  and  normally  regular.  If,  as  was  done 

before,  we  denote  by  X  =  (x  ,P  )  the  process  which  is  governed  by  operator  L,  then 

t  x 

the  generalized  solution  of  the  stated  problem  is  given  by  the  formula 


h(j)  =  A/X\|)(xx)exp  (—  \  c(xr)ds  ). 

0 

If  c(x)  -  0  the  written  mathematical  expectation  exists  and,  consequently,  a  gen¬ 
eralized  solution  also  exists.  It  is  proven  that  the  function  u(x)  takes  on  boundary 
conditions  at  normally  regular  points  of  the  boundary  and  that  the  generalized 
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solution  is  unique  if  c(x)  >  c  >  0  in  D  without  any  assumptions  whatsoever  concern¬ 
ing  the  exit  of  trajectories  from  the  region. 

Let  us  consider  the  question  of  smoothness  of  the  function  u(x) .  Let  at 

first  c(x)  ■  c  >  0.  Then,  u(x)  -  M  e  u(xQ)  for  any  £Kuj)  not  dependent  on  the 

x  p 

future . 


In  particular,  if  $  =  T  (see  lemma  9),  then 

|  ft*u  (x)  I  =  I  Me<'t>ku  (ar£)|  I  I  *  < 

<ci  max  1 6„x,  |* .  %n  («)  < 

n=i 

(«)/*“*•  *‘aL  2r*>.  h*. 

Consequently,  for  the  existence  of  an  estimate  of  the  k-th  derivative  it  is  suf¬ 
ficient  that  2k  \  D  +  c'  Thus,  choosing  c  sufficiently  large,  it  is  possible 

to  achieve  an  arbitrarily  high  smoothness  if,  of  course,  the  coefficients  are  suf¬ 
ficiently  smooth  and  there  are  boundary  estimates. 

The  case  wnen  c(x)  >  c  >  0  is  reduced  to  the  one  examined  above  by  dividing 
:he  equation  by  c(x)/c. 

U.  The  conditions  reported  here  for  the  existence  of  derivatives  do  not  have 
i  local  character:  smoothness  at  the  point  x  depends,  in  general,  on  the  geometry 
r  the  region  and  the  behavior  of  the  coefficients  of  the  operator  in  the  entire 
egion.  Simple  examples  show  that  such  conditions  reflect  the  actual  situation  in 
hi-  cla^s  of  all  degenerating  equations.  However,  special  classes  of  degenerating 
qua t ions  do  exist  in  which  smoothness  has  a  local  character.  For  example,  the 


T 


T 
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equation  of  Brownian  motion  with  inertia  is  such  an  equation.  Definite  success  in 
the  study  of  such  classes  has  been  achieved  in  references  [13]  and  [16]. 

5.  In  conclusion,  we  should  note  that  the  methods  used  here  can  be  utilized 
for  the  study  of  degenerating  quasilinear  equations.  These  problems  are  considered 
in  references  [23,24]. 
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In  this  study  it  is  proven  that  the  generalized  solution  of 
boundary-value  problems  for  degenerating  second -order  equations  satisfies 
Holder's  boundary  condition  under  broad  assumptions.  An  example  is  given, 
showing  that  a  greater  smoothness  of  the  solutions  cannot  be  achieved  only  by 
increasing  the  smoothness  of  the  data  given  in  the  problem.  Conditions  for  the 
existence  of  derivatives  of  the  generalized  solution  are  clarified.  The  investigation 
is  carried  out  by  means  of  probability  methods. 
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